New materials such as nodal-line semimetals offer a unique setting for novel transport phenomena. Here, we calculate the quantum correction to conductivity in a disordered nodal-line semimetal. The torus-shaped Fermi surface and encircled π Berry flux carried by the nodal loop result in a fascinating interplay between the effective dimensionality of electron diffusion and band topology, which depends on the scattering range of the impurity potential relative to the size of the nodal loop. For a short-range impurity potential, backscattering is dominated by the interference paths that do not encircle the nodal loop, yielding a 3D weak localization effect. In contrast, for a long-range impurity potential, the electrons effectively diffuse in various 2D planes and the backscattering is dominated by the interference paths that encircle the nodal loop. The latter, leads to weak antilocalization with a 2D scaling law. Our results are consistent with symmetry consideration, where the two regimes correspond to the orthogonal and symplectic classes, respectively. Furthermore, we present weakfield magnetoconductivity calculations at low temperatures for realistic experimental parameters, and predict that clear scaling signatures ∝ √ B and ∝ − ln B, respectively. The crossover between the 3D weak localization and 2D weak antilocalization can be probed by tuning the Fermi energy, giving a unique transport signature of the nodal-line semimetal.
The transport properties of materials can be wellapproximated by taking into account conduction electrons moving in the presence of a periodic crystalline structure and using Bloch's theory. In the presence of strong disorder, however, this description breaks down and the electrons can localize, leading to Anderson insulators [1] . In fact, even weak disorder is sufficient to drive the electronic motion into the so-called quantum diffusive regime, resulting in weak localization (WL) [2] , which is a precursor of the Anderson localization. WL is a quantum-mechanical effect where constructive interference between disorder-induced scattering events leads to increased backscattering. The inevitable presence of impurities in materials makes WL effects prominent in experiments, and has become the standard method used for measuring the phase coherence length, as well as its temperature dependence [3] .
The WL quantum correction depends strongly on the specifics of the electronic system: (i) depending on the dimensionality of the system, the WL correction scales differently with the system size [2] ; (ii) considering the symmetry class of the system in terms of time-reversal and spin-rotational symmetries, disorder can result in both WL and weak antilocalization (WAL) [4, 5] ; and (iii) the geometrical and topological properties of the electronic bandstructure [6] [7] [8] , can also lead to WAL [9] [10] [11] [12] [13] [14] [15] . A paradigmatic example of the latter is graphene, where the π Berry phase of the Dirac fermion changes the WL constructive interference into a WAL destructive one [16] . Interestingly, in the study of WL, the Fermi surface of the physical system is commonly taken to be a hypersphere and the effects of dimensionality and band topology are unrelated.
Relatively new members to the topological phases of matter paradigm are nodal-line semimetals [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] . These 3D materials are characterized by bands that cross along closed loops that carry a π Berry flux [17] . A variety of candidates for nodal-line semimetals have been reported [18] [19] [20] [21] [22] [23] [24] [26] [27] [28] [29] [30] [31] , and their experimental characterization has seen recent progress using ARPES [31, [36] [37] [38] [39] and quantum oscillation [40] [41] [42] [43] [44] measurements, alongside proposals for mesoscopic transport detection schemes [45] . In most nodal-line semimetals, the Fermi energy is lifted from the nodal line thus forming a torus-shaped Fermi surface that encircles the nodal line and its associated π Berry flux [46] , see Fig. 1(a) .
In this Letter, we analyze WL in nodal-line semimetals and find an interesting interplay between the dimensionality of diffusion and the band topology. We consider two types of disorder with either short-range (SR) or longrange (LR) impurity potentials relative to the size of the nodal loop. In the SR limit, the so-called white-noise disorder-induced scattering equally couples all states on the Fermi surface, and WL backscattering is dominated by interference along the toroidal direction, see Fig. 1(c) . Such an interference loop does not encircle the nodal line and its associated π Berry flux. Correspondingly, the electrons diffuse in the full 3D phase-space resulting in 3D WL, similarly to anisotropic conventional metals. The LR limit, can occur due to unconventional screening effects [47] . Here, backscattering is dominated by interference along the poloidal direction in reciprocal space arXiv:1902.06921v1 [cond-mat.mes-hall] 19 Feb 2019
Backscattering processes in nodal-line semimetals. (a) Torus-shaped Fermi surface of nodal-line semimetals, with major radius k0, minor radius κ, toroidal angle θ, and poloidal angle ϕ. (b) The real-space range of the impurity potentials results in 3D and 2D diffusion behaviors, for short-range and long-range impurities, respectively. (c) A coherent backscattering from wavevector k to −k around the toroidal direction is possible for short-ranged impurity potentials via intermediate states (k1, k2, ...kn) and its time-reversed counterpart (−kn, −kn−1, ... − k1). In the circular inset, blue and red arrows depict that the net spinor rotation around the interference path is zero. (d) Backscattering from wavevector δk to −δk along the poloidal direction is the dominant process under long-ranged impurity potentials. Here, the net spinor rotation is 2π, contributing a π Berry phase to backscaterring, and results in weak antilocalization.
that encircles the nodal line, see Fig. 1(d) . As a result, we predict that a WAL correction will occur. Importantly, despite the 3D nature of the system, the WAL correction shows a 2D scaling behavior. In the LR scenario, the WAL conductivity correction is proportional to the circumference of the nodal line, or equivalently, to the number of 2D diffusion planes. We discuss possible detection of our prediction using magnetoconductivity experiments, in which tuning the Fermi energy can induce a crossover between the 3D WL and 2D WAL.
Nodal-line semimetals can be generally described by an effective two-band model
where τ x,y are the Pauli matrices corresponding to two bands that cross at k
0 , k z = 0, and define a nodal loop. For a Fermi energy that satisfies E F λk 2 0 , the Hamiltonian (1) can be linearized and parametrized to the simple form
through the substitution k x = (k 0 + κ cos ϕ) cos θ, k y = (k 0 + κ cos ϕ) sin θ, k z = κ sin ϕ/α, with v 0 = 2λk 0 , and α = v/v 0 the ratio between the velocity along the zdirection and the velocity in the x − y plane. The parameters κ, θ, ϕ are labeled in Fig. 1(a) . For the purposes of this work, we assume that E F intersects with the conduction band, and solely include it in the analysis below. The dispersion of the conduction band is ε k = v 0 κ and its corresponding wavefunction is
T e ik·r / √ 2V , with V the volume of the system. The density of states at the Fermi energy is
, which is proportional to the circumference K = 2πk 0 of the nodal loop.
The nodal-line semimetal possesses two types of antiunitary symmetries T 1 = K and T 2 = iτ y K with K the complex conjugation, such that
where the small momentum δk = κ(cos ϕ, sin ϕ/α) is defined in a local poloidal plane in momentum space denoted by the toroidal angle θ, see Fig. 1 (a). Note that T 1 is the spinless time-reversal symmetry while T 2 is a local antiunitary symmetry containing a spin inversion. The latter can be regarded as the spinful time-reversal symmetry for the 2D subsystem defined by θ, see Fig. 1 
(b).
According to symmetry classification, T 1 and T 2 belong to the orthogonal and symplectic classes, respectively [4, 5] . Hence, they respectively lead to WL and WAL depending on which physical process dominates the backscattering [cf. Figs. 1(c) and
The dominant process that leads to backscattering is determined by the type of disorder, and by the size of the nodal loop. The disorder potential is expressed by U (r) = j U(r − R j ), where R j are the positions of the randomly distributed impurities. Without loss of generality, we set the uniform background of the impurity potential to zero, U (r) imp = 0, where · · · imp denotes averaging over impurity configurations. Commonly, the white-noise disorder (SR limit) is considered, i.e., an impurity-potential with constant scattering-strength in reciprocal space [2] . Here, we investigate a more general case where
and n i the concentration of the impurities. Associating a finite scattering-range to the impurities, r sc , results in a confinement of the allowed scattering processes in reciprocal space. We consider E F sufficiently low such that k 0 1/r sc κ, and therefore the scattering strength between different k states can be well characterized solely by θ. For simplicity, we further assume that u k = u(θ) = u 0 f ∆ (θ) with f ∆ (x) = Θ(x + ∆)Θ(−x + ∆), and Θ(x) the Heaviside step function. This choice of potential yields the SR limit when ∆ = π, whereas the LR limit corresponds to ∆ → 0. We calculate the quantum interference correction to the conductivity along the z-axis using Feynman diagrams [48] , see Fig. 2(a) . In our calculation, we include the three leading-order diagrams, namely, the bare Hikami box [5] , and two dressed Hikami boxes [10, 49] . The latter two jointly contribute -1/2 the correction of the former for both the SR and LR limits [50] , similar to the case in graphene [10] . Thus, the overall quantum correction to the zero-temperature conductivity is [3] 
where s = 2 accounts for the spin degeneracy, η z = 2 is the factor coming from the vertex correction to the velocity v z k [cf. Fig. 2(b) and Ref. [50] ]. The impurityaveraged retarded (R) and advanced (A) Green's functions are solved under the first-order Born approximation, G R,A k (ω) = 1/[ω − ε k ± i /(2τ e )], with the elastic scattering time τ e = 2 /(n i ρ 0ũ 2 ), andũ 2 = 2π 0 dθ|u(θ)| 2 [50] . Last, C k,k is the full Cooperon satisfying the Bethe-Salpeter equation for the ladder of maximally-crossed diagrams [3] , see Fig. 2(c) .
As a function of the impurity potential different interference loops are available in reciprocal space, see Figs. 1(c) and 1(d) . Correspondingly, the Bethe-Salpeter equation for the Cooperon will be dominated by different processes. In the SR limit ∆ = π, the majority of backscattering trajectories come in pairs via the intermediate states (k 1 , k 2 , ...k n ) and their timereversed counterpart (−k n , −k n−1 , ... − k 1 ), as imposed by T 1 . Importantly, these trajectories do not encircle the nodal line. The corresponding Bethe-Salpeter equation (r)|ψ k (r) . Solving the BetheSalpeter equations self-consistently and keeping the most divergent contributions for Q → 0 yields in the DC-limit (ω → 0) [50] 
where Q xy = Q 2 x + Q 2 y , and
0 τ e are diffusion coefficients in the x − y plane and z-direction, respectively. We obtain that the Cooperon in the SR limit (5) shows a 3D WL behavior similar to an anisotropic normal metal [3] .
In the LR limit ∆ → 0, the aforementioned backscattering channel is suppressed and the quantum correction is dominated by interference trajectories (δk 1 , δk 2 , ...δk n ) and (−δk n , −δk n−1 , ... − δk 1 ), which are paired by the T 2 symmetry and form a small loop that encircles the nodal line.
In this case, the iterative equation becomes C δk,δk = C
(ϕ−ϕ ) and momentum q = δk + δk measured from the nodal line in the plane labeled by θ. Solving the Bethe-Salpeter equations in this case for q → 0 yields in the DC-limit [50] 
where q xy = q 2 x + q 2 y . The scattering here always occurs accompanied with a spin rotation [see Fig. 1(d)] , which is the source of the additional geometric phase e −i(ϕ−ϕ ) . This geometrical phase leads to the suppression of backscattering (ϕ − ϕ = π) and to WAL [9] . The result (6) contains two θ-dependent factors. Hence, for ∆ → 0 and through f ∆ (θ − θ ), the scattering occurs between states that lie in the same poloidal plane. Conjointly, the divergent term cos 2 (θ q −θ) vanishes when θ q − θ = π/2, thus implying that diffusion cannot happen in the direction perpendicular to the θ plane. Combining the above observations, we can reach the intriguing conclusion that in the LR limit electrons exhibit a 2D quantum diffusion [cf. Fig. 1(b) ].
Inserting the Cooperon expressions into Eq. (4), we obtain the correction to the conductivity in both the SR and LR limits [50] 
respectively. Here, e = v 0 τ e is the mean free path, and φ is the phase coherence length. In the SR limit, a 3D scaling is obtained for the quantum correction and the overall minus sign indicates WL. In contrast, the LR correction is positive (WAL) and has a 2D scaling law. The prefactor K in σ L z ensures the unit of 3D conductivity and also enhances the WAL correction contributed by a large number of 2D diffusion planes. Due to the different dimensionality of the scaling, σ S z will saturate as φ → ∞; in contrast, σ L z always increases as ln( φ / e ) due to the 2D diffusion.
The disorder-induced quantum correction to conductivity is suppressed by magnetic field induced dephasing [3] . This allows one to experimentally observe the WL and WAL corrections using magnetoconductivity measurements. To calculate the impact of the magnetic field, we impose a quantization condition to the component of Q, q perpendicular to the magnetic field, i.e., Q ⊥ , q ⊥ = (n + 1/2)(4eB/ ) ≡ (n + 1/2)/ 2 B , where B is the magnetic length. In the SR regime, since the diffusion is 3D, the magnetic field along any direction will lead to dephasing; here we set it to the z-direction. For the LR regime, electrons move in different planes parallel to the z-axis. Thus, a magnetic field along the z-direction cannot lead to dephasing and we align it along the xdirection. We substitute the quantized values of Q ⊥ , q ⊥ into the Cooperon [Eq. (4)] and obtain the resulting magnetoconductivity δσ
e α| sin θ|
where Ψ(x) is the digamma function [50] . In the zerofield limit B → 0, the results in Eqs. (8) reduce to that of Eqs. (7). The average integral over θ in Eq. (8b) arises from the fact that electrons in different diffusion planes feel different magnetic fields perpendicular to the respective plane.
In Fig. 3 , we plot our magnetoconductivity predictions [Eqs. (8)], where the integrals are evaluated numerically. The WL effect in the SR regime leads to a positive magnetoconductivity [ Fig. 3(a) ], while the WAL effect in the LR regime is revealed by negative magnetoconductivity [ Fig. 3(b) ]. We plot the results for various values of φ , which can be tuned by the temperature of the experiment. At low temperatures, φ B since φ ∼ 100nm − 1µm and B ∼ 10nm when B ∼ 0.1 − 1T. The magnetoconductivity in the two scenarios exhibit a different B-dependence at low temperatures. Specifically, δσ portantly, the ln B dependence in the LR limit agrees with our 2D diffusion prediction [2] , which occurs in a 3D system. Usually, 2D diffusion results in a much larger WL/WAL effect than in 3D diffusion. Moreover, the 3D nature of the nodal-line semimetal contains a large number of 2D effective subsystems, which also significantly enhance the magnetoconductivity [51] . Indeed, we observe in Fig. 3 that for reasonable physical parameters, δσ Our analysis provides a concrete prediction for the impact of weak disorder on transport in nodal-line semimetals. Current experiments are focused on quantum oscillations in a strong magnetic field [41, 42, [52] [53] [54] [55] [56] [57] , and no WL study on nodal-line semimetals has been reported so far. Our predicted two limits leading to 3D WL and 2D WAL will manifest differently depending on the type of impurity potentials in the material, and relative to the size of the nodal loop. In real nodal-line semimetals, the impurity potential is predicted to be of LR-type due to unconventional screening effects [47] . Local scattering in the reciprocal space that leads to WAL is well-defined only when κ k 0 [cf. Fig. 1(a) ]. Otherwise, if κ and k 0 are of the same order, the two kinds of backscattering will coexist (due to toroidal and poloidal interference trajectories), and hence 3D WL will dominate the transport which stems from the larger 3D phase space for scattering along the toroidal direction. As a result, a large nodal loop and a low Fermi energy E F above the nodal loop is favorable for 2D WAL. As E F increases, κ increases, and WL will overcome WAL. Furthermore, by increasing E F , the Fermi surface and the WAL interference loop [ Fig. 1(d) ] may undergo various warping, similar to the trigonal warping in graphene [10] , thus breaking the T 2 symmetry, and further suppressing the 2D WAL. Nevertheless, as long as the warping does not break time reversal symmetry T 1 , the 3D WL will survive. Consequently, we predict a crossover from 2D WAL to 3D WL to occur by tuning E F , e.g., by doping or gate tuning on a thin-film sample. This is a unique effect arising from the torus-shaped Fermi surface and the Berry flux in nodal-line semimetals.
